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AN ELEMENTARY EXPOSITION OF FEOBENIUS'S THEORY OF 
GROUP-CHARACTERS AND GROUP-DETERMINANTS 

By Leonard Eugene Dickson 

Introduction 

In a series of recent memoirs* in the Berliner Sitzungsberichte, Frobenius 
has developed an elaborate theory which has already attracted considerable 
attention, both on account of the beanty of the results and of its importance 
in various applications. For example, it furnishes a determination of the 
minimum number of variables upon which a given group can be represented 
as a linear group (Klein's normal problem). After the success which had 
attended the introduction of characters of a commutative group, particularly 
in the determination of all its subgroups, f it was a natural step for Frobenius 
to introduce characters of any finite group. 

Burnsidef has re-established the main results due to Frobenius and has 
obtained new results on certain continuous groups related to the theory (see 
§3 below). A simplification in the method and a generalization of the results 
have been made by the writer. § The papers just cited naturally rely upon 
technical group theory. 

The present paper presents the chief results due to Frobenius and follows 
his methods as closely as an elementary treatment will admit. Symbolic 
notations are avoided and the material is presented with considerable detail, a 
number of illustrative examples being worked out. The paper is practically 
self-contained, involving no dependence upon technical branches of mathe- 
matics. Of group-theory itself, only the most elementary knowledge is pre- 

* tJber Gruppencharaktere. 1896, pp. 985-1021; tjber die Primfactoren der Gruppendeter- 
minante, 1896, pp. 1343-1382; tJber die Darstellung der endllchen Gruppen durch lineare Snb- 
stitutionen, 1897, pp. 994-1015; 1899, p. 482; Uber Relationen zwischeu den Charakteren einer 
Gruppe und denen ihrer Untergriippen, 1898, pp. 501-5 15 ; tJber die Composition der Charaktere 
einer Gruppe, 1899, pp. 330-339. 

t Compare Weber's excellent treatment. Algebra, ii, Zweiter Abschnitt, where references 
Are given. 

% Proc. Lond. Math. Soc, vol. 29 (1898), pp. 207-224, 546-565. 

§ Trans. Amer. Math. Soc, vol. 3 (1902), pp. 285-301; Bull. Amer. Math. Soc, vol. 9 (1902), 
pp. 394-401. 

(25) 
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supposed. This may be reduced to the mere definition of a group by omitting 
§6 and §12 (the example being solved otherwise in §15), without breaking the 
continuity of the paper; but the reader acquainted with the rudiments of 
groiii)-theory will find in the concrete nature of those sections excellent disci- 
pline for the later general tiieory, as well as an important theorem not else- 
where proved. The paper should prove of special interest to students of the 
theory of determinants. 

In the second edition of his Algebra (pp. 193-218), Weber gives an ac- 
count of the simplest results of the theory, following more closely the first 
method of Frobenius. Weber defines a character as a system of numbers 
satisfying a rather complicated system of equations, (51) below. The present 
paper, following more closely the second method of Frobenius, introduces the 
characters from the standpoint of their application to group-determinants, the 
definitions being explicit and very simple. 

Properties of the Group-Matrix 

1. To the h elements JS (the identity) ,A,B,0,...o{b. finite group 
H, we make correspond k independent variables x^, x^, x^, Xc, . . , in such a 
way that jc^ = Xj^y if L = MN in the group. By the group-matrix is meant 

''^E"^ ^EA~^ ^JSB~^ .... X^Q-^ • • • 

«Air' ^AA-' ^AB-' • • ^AQ-^ • ' ' 

(1) I I = (^^9-0 = («:)• 



aJp^-l ^PA'^ -'I'/f-^ .... Xpg- 



The table of subscripts is the body of a left-hand multiplication table for the 
group IT. Thus, for a cyclic group of order 3 composed of the elements 
E, A, B {A^ = E, & = A), the multiplication table and the corresponding 
group-matrix are, respectively, 

E-^ = E A-^ = B B-^ = A 

^A 

The determinant 6 (x) = Ixj.^-!] of matrix (l)is called the group-deter- 



E 


EE-^ = E 


EA-^ = B 


EB-^ = A 


A 


AE-^ = A 


AA-' = E 


AB-^ = B 


B 


BE-^ = B 


BA-^ =^ A 


BB-' = E 
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minant oi H. Let ©/>, g be the adjoint (first minor with proper sign) of the 
element Xpq-i in tlic group-determinant ; the minor is obtained by erasing the 
row defined by P and the colmim defined by Q~^. 

Theorem. The value of ®p,q depends only upon the product PQ~^ = 
and not upon P and Q separately. 

After the replacement of the products giving the subscripts in (1) by the 
equivalent single elements, the variable Xq occurs once and but once in each 
row (or column) of the matrix ; for the h positions of Xq, the adjoint will be 
shown to have the same value. Consider first the adjoint 0^, ^ of the variable 
Xpp-\ in the main diagonal : 

%pp = \Xjis-y\ {B, S — E,A,B, . . . , with P excluded). 

Set R= UP, 8= VP, so that RS-"- = UPP-^ F-i = UV'K Then 

%PP = |xpT-i| = ®E,E ( ^' V = A, B, . . . , with B excluded). 

To show next that ®p^q = @c,e if J^Q~^ = O, we set 

Xcns-^ = XRS-' {R,S = E,A,B, . . .). 

Since OR and R run simultaneously through the series ^, ^, ^, . . . of 
the h elements of the group //, 

± I«ijs-H — l^c/fs-'l ^ |a^ijs-M (R, S = E, A,B, . . .). 

To obtain the term XpQ-i = Xq in the determinant \xcj}s-^\j we must take 
R = S,so that the corresponding term in the determinant | x'jig-^ | is in the 
main diagonal. But the adjoints of the latter terms have been shown to be 
equal. Hence the same is true for the former terms, so that ©p_ q = @c,e- 

In view of the preceding theorem, we may introduce the notation p^-i 
for @p,Q. The result may therefore be stated in the form 

1 a0(x) 

Definition. The matrix (©p^-i) is the adjoint matrix of the group- 
matrix (XpQ-l). 

Example. For the above cyclic group '^B, A, B\, the adjoint matrix is 

®B ®a\ /-''e - XaXb X% - XeXj^ X?^ - XjsXj}\ 

@E ®JI ] = i ^A - ^E^B ^E - ^A^B ^B - ^E^'A \ ■ 
®A ®e/ \^B - ^E^A ^A - ^E^B ^E " ^A^bJ 

Formula (2) is now evident since 0(x) = x^; + x^ + cc^ — 3xj;Cc^cc£. 
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Definition. By the symmetry of the group-matrix of a given group H 
is meant the property that from tlie order of the variables in its first roAV 
follows definitely the order of the variables in each of its rows. 

The above theorem may now be stated in the following fonn : 

The group-matrix and its adjoint matrix possess the same symmetry. 

Thus, for the C3'clic group of order 3, the elements of both the group- 
matrix and the adjoint matrix have the subscripts E, B^ A in the first row ;. 
A, E, B in the second row ; B, A, E in the third row. 

2. Let yE,y^,yBy • • • be a second set of h independent variables and 
consider the matrix (y) = (ypQ-^) Avith the same table of subscripts as matrix 
(1). From the two systems of variables Xji,y we build a third system % 
as follows : 

(3) zr = 2 xitys = S ^n^s (-RS = T). 

R S 

In the first sum, It runs through the series E, A, B, , . . ot the h ele- 
ments of H, and for each li the element R~^T is to be taken for S. Similarly 
for the second sum. By the composition of the two matrices, Ave find that 

zp,Q = '^ xpj-^ Viiq- >■ {R = E,A,B, . . .). 

R 

Set BQ-^ = /S. Then B and S run simultaneously through the series 
E, A, B, . . . of the h elements of H. Applying also the definition (3), wo 
get 

2p,(? = 2 XpQ-is--iys = ^-PQ-^ {S = E,A,B, . . .). 

Hence the matrix (z) possesses the same symmetry as the matrices (.t) , (y) . 

3. As to the content of the preceding theorems a suggestive illustration 
is afforded by the following property, not mentioned by Frobenius and not 
essential in his theory, but forming the foundation of the investigations of 
Burnside and the writer. Consider the linear homogeneous transformation X 
Avhose coefficients arc the elements x^,x^, ... of the matrix (x). By allow- 
ing the variables x^, a;^, ... to take in turn every set of values in a given 
field (domain of rationality) i^such that the determinant @(x) is not zero, 
we obtain a set of transformations which form a group. Indeed, by the pre- 
ceding theorems, the inverse of A'' belongs to the set and the compound YAT 
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of the transformations Y., A'' having the respective matrices (y), (x) is a trans- 
formation Z having the matrix (z) and consequently belonging to the set. 

In view of the fact that the matrices (1) form a group, whereas other 
matrices of similar type do not, the group-matrix (1) is evidently of special 
importance in the study of the group H. 

The Irreducible Factors of the Group-Determinant 

4. Applying to the determinants of the matrices (4) the multiplication 
theorem, we get 

(5) @(^)=.0(x)0(y), if(z) = (x)Oj). 

Let the homogeneous integral rational function @(x) be decomposed into 
irreducible factors, each a homogeneous integral rational function, possibly 
with irrational coefficients : 

(6) @(x) = <I)'=<I)''='^"«" ...•., (p = ^(xjs, x^, x^, •■■•), 

and let/,/',/", ... be the degrees of ^, $', <P", . . . . , respectively. The 
diagonal terms and no others in S(x) are Xe. Hence @[x) reduces to aij; if 
zero be substituted for each variable except x^i whence <I>(a;) reduces to cx^, 
where c :ft 0. By choice of the undetermined constant factor of ^{x), we can 
make c = 1. Among the factors $, <J>', . . . . , occurs the linear factor 
^E + ^A + ^h + • • • • ' indeed, this sum occurs throughout the first row of 
a determinant derived from @{x) upon adding to the first row of the latter all 
the remaining rows. 

5. Theorem. The irreducible factors of the grotqxleterminant 0(x) 
possess the characteristic property 

(7) ^{z) = ^{x)^{y), \f{z) = {x){y). 

If ^{z) is an irreducible factor of @{z), it must, in view of (5), equal 
the product of a function ^i{x) oi x^, x^, . . . alone and a function ^^il/) o^ 
i/E, Va, • • • alone. Taking x^ = 1, x^ = a;^ = ■ • • = 0, we get {z) = (?/), 
whence <!>(?/) = $i(l, 0, 0, • • ■)^i{y). Taking next 2/^=1, yA = yn 
= . . . = 0, we get {z) = (x), whence ^(x) = <I>i(x)<I>.2(l, 0, 0, . . .). By 
choice of the undetermined constant factor of <E>i(x), we can make 
$i(l,0, 0, •• •)= 1. Since c= $(1,0,0, • • •) = 1, we have <I>2(1, 0, 0, • • •) 
= 1. Hence ^i(x) = <^(x), ^2{y) = ^(y), so that (7) follows. 

Inversely, let (i>(x^, x^, . . .) be an irreducible homogeneous integral 
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rational function which satisfies relation (7). Taking for (y) the adjoint 
matrix to (x), we get z^ = @{x), z^ = «^= ■ • ■ = 0, whence <I> (2) = \_®{x)}'', 
and ^(y) becomes an integral rational function of x^, x^, .... Hence, by 
(7), the irreducible function <i>(x) is a factor of ®{x). 

The remarkable jDroperty (5) enjoyed by the group-determinant @(x) 
and the analogous property (7) enjoyed by an irreducible factor of 0(x) play 
a fundamental rdle in the present theor3^ These properties emphasize the 
special significance of the function called a group-determinant among the 
totality of integral functions of the variables x^, x^, . . . 

To effect the complete decomposition of the group-determinant ©(x), it 
is found convenient to fix the attention on certain coefficients in the (as yet 
unknown) irreducible factors of 0(x) and call them group-characters. This 
is done for the linear factors in §6 and for general factors in §7. In terms of 
them all the remaining coefficients of the desired factors will be found to be 
readily expressible. 

6. With the aid of (7), we can determine all the linear factors 

(8) ^(x) = 2 x(i?) «ij {R = E,A,B,...), 

n 

where the h coefficients are considered to be values of a function x^ the value 
of xi^) beiiig unity. By (7) in connection with (3), we have 

jt s T n,s 

Equating the coefficients of Xjiyg in the first and third sums, we get 

(9) x(^S) = x(J^)x(^)- 

Thus x(^) = [X(^)Y and by induction xi^'') = [xC-^)]'- Hence, if 
i? is of period r, the left member is unity, so that x{^) ^® ^^ ''^^^ ^^'^^ ^^ 
unity. Also x(R) Xi^"^) = X(^) = 1» so that 

X(B-^S-'B3) = x{^-') X{S-') X{R) X{S) = 1. 

Hence x(i^) = 1 for every commutator F = R—'^8~'^R8 of the group H. 
Since 

every conjugate within H o? & commutator is itself a commutator. Hence 
the group G of order g generated by all the commutators of H is an invariant 
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subgroup of H. Let E, A, B, C, . . . be the right-hand multipliers which 
give rise to a rectangular array for iZwith the elements of G in the first row. 
Upon the hjg rows GE, GA, GB, .... as elements, we have a group, since 
{GA){GB) = GAB, in vicAv of the relation AGA-'^ = G. This group is 
called the quotient-group HjG. It is here a commutative group. For, if GA 
and GB are any two of its elements, there exists in the commutator group G 
the element i=J = BAB-'^A-'^, for which 

GBA = GF^AB = GAB, ( GB) ( GA) = ( GA) ( GB) . 

Since x{F) = 1, if i^ is any element of G, 

x{FA) = x{F^x{^) = X{A). 

Hence x(-R) has the same value for all the elements R of the row GA. 
Hence there are hjg such values x(-E'), x(^), x{B), . . . , defined by the 
respective rows GE, GA, GB, .... Moreover, for F and F' chosen arbi- 
trarily from G, x(i^-4 • F'B) has a constant value x(-4) x{^)- Hence there 
is defined a function x whose hjg values for the quotient-group i//6r have the 
property (9). Such a function x is called a character of this commutative 
group HjG. 

Consider, in general, a commutative group iV"of order n. By an elemen- 
tary, but fundamental, theorem* on commutative groups, a system of elements 
Ai, A<i, . . . , A^ o( periods «!, a^, . . . , a„ respectively, can be chosen such 
that every element A of iVcan be expressed in one and only one way in the 
fonn 

A = A^A;' ■ • ■ Al" (0 5 ai < a„ . . . , 5 a, < a,). 

That these elements A form a commutative group of order n = a-^a^ • ■ • a^, 
in case Ay, A^, . . . , A^ are independent commutative elements, is directly 
evident. To the elements B, S, . . . of the group iV^we make correspond 
any numbers x(^)' xi'S), • • • such that property (9) holds and such that 
%(i?) is zero for no element B. Setting 8 = E, the identity, we get, from 
(9), %(/?) = x{^) X{^)y whence x(JE') = 1. It follows, as at the beginning 
of the section, that tlie number ;)^ (72) is an rth root of unity, r being the period 
of the element B. The function x is called a character of the commutative 
group JSr. Two characters x and x\ are said to be different when x(-4) :^ X\{-^) 

* Weber, Algebra, n, Zweiter Abschnitt; Burnside, The Theory of Groups, p. 50. 
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for at least one element A of JV. It is next shown that the numher of dif- 
ferent characters equals the order n of the group H. Set x(-^i) = ^n • • • > 
X(A) = w'v Then by (9) 

(10) x(^)= xiA'A' ■ ■ ■ ^7) = wV< <"• 

But MJi* = 1, • • • , ■w"" = 1, tti being the period of Ai, ■ ■ • , a^ the period of 
A^. Hence there are at most n = aia^ ■ • • a^ diflferent characters. To show 
that there are at least n different characters, consider an arbitrary root w,- of 
wf< = 1 for i =1 1, ■ • ■ , V, and define %(-4) by formula (10) . This function x 
evidently satisfies the relation (9), while x(-4) is zero for no element^ in the 
group. Hence % defines a character. Moreover, a second set of roots 
w'l, . . . , wl leads to a different character x'y since 



o 



w'l^ • • ■ Wy" = w\^ • • • ?c°' (for every a^, ■ • ■ , a^) 

requires w'l = Wi (by taking % = 1, aj = 0, • • • , a^ = 0), ■ • • , w^ = w^. 

Returning to the commutative group IIj G of order hjg, let ■^ be one of 
its hjg characters and set x(i?) = -^(^GA) for ever}- clement jR of the row 
GA of the rectangular ari-ay. Then the function (8), AA-ith the value just as- 
signed to x(i?), is a factor of the group-determinant 0(x). Indeed, if we 
set yu — x{R)xii^ ^TO find that 

But the first determinant was shoAvn to have tlie factor 2//^; by adding to its 
first row the remaining roAvs. After the removal of this factor, the elements 
of the first row all equal 1. By subti'acting the first column from the remain- 
ing columns, aa'C see that the resulting determinant depends only upon the 
differences y^j — i/g ^'^^ hence is not divisible b}' the sum 2y/;. Hence the 
second determinant \x\ has the factor 1,x(!i)xjt and contains it only to 
the first poAver. We have, therefore, proved the following 

Theorem. 27*6 linear factors of the group-determinant enter to the frst 
power only. Their numher ix the quotient of the order of II hy the order of 
its commutator group G. 

Example. If // is a cj'clic group, it is commutative and the order of 
G is unity. Then 0(x) is a so-called cyclic determinant of order 7i and has 
h distinct linear factors. 
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For the cyclic group H^, the factors and the corresponding characters are 

X{E) x{^) X{B) 

^E + P^A + P''Xb, 
^E + P'''Xa + PXS, 



111 
1 p p-^ 

P' P 



where p = — i + i ^^ 3 is an imaginaiy cube root of unity. 

7. Let 4> be an integral homogeneous function of degree f in the varia- 
bles x^,Xa,Xj,, . . . , which satisfies condition (7). In it the coeiBcient of 
x^E is unity. In proof, we take 7/^ — 1, i/^ = i/jj = ■ ■ • = 0, whence (2) = (x) , 
^(x) = <i)(a;)4>(l, 0,0,.. .). Hence <I>(1, 0, 0, . . .), the coefficient of a-i- 

in <P(x), is unity. Denote by x(i?) the coefficient of a^' in - — , so that, 

OXji 

for B ^ E, x(i?) is the coefficient of x^'xjj in <I>, while 

(11) X{E) =/. 

The /* constants X{R) are considered to be values of a function x- If ^ is 
irreducible, % is called the character of degree f ^\\llc\\ corresponds to the factor 
^. As shown in §6, the chai-acters of degree /"= 1 are roots of unity. 

Consider the following expansion, u being a variable, 

(12) ^(Xe + U, X^, Xs, • • •) = ^•^+ ^lM-^~^ + ^iUf-'^ + . . . + <J)^, 

where 4>„ is an integral homogeneous function of degree m of tc^, a;^, x^ , . . . 
In particular, <i>y = <i> and 

(13) <Di = 2 x(i?) a;^ {R= E, A, B, . . .). 

R 

If the right member of (12) vanishes for u — — u^, — u.2, • • •, — Uj-, then 

(14) ^{xj; + u, Xj, Xjj, • ■ ■) = (u + Ui)(it + Ui) . . .{^u + iij). 
In an analogous manner, we set 

(15) w» + v = (w + Vi) {u + t'2) . - . (w + v„). 

If the group-matrix (a;) be compounded with itself n times, there results, 
as in §2, a matrix (x)" = (a;*/i!j-i) = (a;C")), where 

(16) a;'^' = 2 XnXj,^ ■ ■ ■ Xj, (B.B, ■ ■ • E„ = B). 

•f 1, • • , ■«,. 
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Let (e) denote the unit-matrix, whose elements are all zero except those 
in the main diagonal which are unity. Then from (15) follows* 

(X)» + V(€) = (XW) + V(€) = 1{X) + t)i(€)] . . . . 1(X) + V„(€)]. 

Since the matrices l(x) + i'i(e)] possess the same symmetry as the group 
matrix {x) Ave iaa,y appl}^ to the former the relation (7). Hence 

4>(a;<e* + V, x^J\x'£\ . ■ •) = U ^{x^ + v.-, x^,Xji, • • •) 

1 = 1 

n 
= n(i',- + III) (Vi + Mj) • • • (Vi + Uf) ={v + U'O (y -{■ ul) ■ ■ ■ {v + u}), 
t = l 

upon applying (14) and (15). The coefficient of i/-'^ in the last product is 

ul + ul+ ■ • ■ ->ru}= 8„ 

In view of (12) and (13), the coefficient of t;/-i in <I>(x^' + v, x^2\ • • •) 
is 2x(-R)a;i"'. Hence 

(17) /S'„ = 2x(i2)4f {R = E,A,B,.-.). 

n 

in view of (16), this result may be written 

(18) S„ = 2 x(^iA • • • Iin)oon,xn, • • ■ Xn„ {Ri = E,A,B,.-.). 

The coefficients 4>i, <I>2» • • • of (12), in particular the desired function 
<t)y = (i>, can be expressed in terms of the sums of powers Si, S^, . . . , S„, . . . 
of the roots with their signs changed (compare Serret, Algibre sup^rieure, 
4th ed., vol. 1, p. 460). For example 

2<E>2 = 8\ - S,, G<^, = S{-3SiS,+ 2Ss, 
^ '' 24<I), = S{- GSiS.2 + 86\S3 + 3Sl -GS^. 

PROrEKTIES OF GROUr-CHARACTERS. 

8. For y^ = 1 and the remaining i/s = 0, (3) gives Zx= Xj,^-i, and 
$(3/) reduces to a constant y{r(A). Then relation (7) becomes 

(20) ^(XrA-^) = ylr(A)^(Xr). 

For x^ = 1, Xji = (R :)t A) , (3) gives 2y= y^-^r- Then (7) becomes 

(21) ^(i/A-^T) = H^)^(VT)- 

* By a principle of tlie tlieory of matrices, an identity between two integral rational f nnc- 
tions of a variable u leads to an analogous identity obtained by replacing « by a matrix (x) and 
the constant term C = Cu'> by C{x)" = C(e)- 
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Replacing Thy A2 in (21), and then A by A-^, wc get 

^{y-r) = ^(-^l)<I'(y.ir) = f(A) f(A-') ^(yr)- 

Hence >{r(A) ■<^(A~^) = 1. Replacing y^ by x>j in (21), and using (20) we 
get 

(22) ^(xA-^TA) = ^(Xr). 

Equating the coofficientjs of x/~^Xji, Ave get %(yl7?^l~*) = x(i?). Hence 
a character has the same value for all elements conjugate within H. Setting 
R — BA, we get 

(23) x{^B) = x{BA) (^1, 5 any elements of ^). 

From the usual relations between the elements of a deteraiinant and its 
adjoint minors, we have 



V r. ^ r. ,eif P= g, 






Setting T= QE-\ A = PQ-^ in the first sum, but I = RQ'^, A = QP-^ 
in the second sum, and applying formula (2), Ave get 

90 90 

(24) 2 a;^r ^— = 2 xj,^ r— = eji@, 

Avhere e.j = 1 if ^1 = ^, the identity, Avhile e^ = ^\i A i^ E. In vieAv of 
(6), = <E>*^, Avhere <I> and ^ have no common factor. Hence 

.9^ ^ 9^F 



/ 9 <1> 9 'T'x 



9^ 
Hence "^x^^j. ^ — is divisible by ^, and the quotient is a constant, being of 

G Xfp 

degree zero. The latter is %(-4~^), as shoAvn by comparing the coefficients 
of x^j^. Hence* 

(25) 2x^^^ = 2x^^ ^^ = x{A-^)^. 

* Another proof is given by differentiating the terms of (7) ivitli respect to y^ and setting 
2^^ = Cj, in the result (and with respect to x^ and setting a;^ = en), applying (3) in each case. 
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]Multiplying the first and third members by h@^s and smnming with re- 
spect to A, 

Setting first @ = <I>«'^ and replacing AS by R in the last member, we 

(ret 

The terms which multiply ^ are equal, since their difference is divisible 
by <I>, Avhile their degree is /"— 1. Hence 

h d^ 9<I> 

Setting next = <£>'*'■*■', ^' being an irreducible factor distinct from ^, 



we get 






(27) ix{iiB-^y^ = d- 



Hence the following sum is divisible by ^' and therefore vanishes ; 

R 3a3^ 

Comparing the coefiicients of a;^~* in (26) and those of x'e~^ in (27), we 
get 

(28) ^x{Sit-')x{R) =\x{S), i.x{SB-^)nR) =0, 

R ^ R 

Avhere -^{R) is the character corresponding to the factor 4>'- For 8 = E, 

(29) ^xiR)x{R-') = Y ' ^nR)x{R-') = 0- 

R « iJ 

Hence the values x(^), %(-4)) • • • are not proportional to i^{E), y]r{A), . . . 
Replacing R by RB and 8 by AB in (28), 

(28') ^x{^R-')x{BR)= jx(^B). 

R 6 

Another important property of characters is derived in §10. 

9. The special group-matrix (t)) is obtained from (y) by setting 

(30) r)ji = i/b = iJa-^ra = Vb-^sb = yc-^RC =•■•■> 
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SO that tlic number of distinct elements t]j{ equals the number r of sets o 
conjugate operators of the group //. The determinant \ri\ is called the f^jecial 
groiqy-delerminant* Then (7;) is comnmtative with any matrix (x) of the 
form (1). Indeed, by §2 (x){y) is of the form (2), where 

s s 

upon replacing *S' by S-^ PQ-^ in the second sum. Also {y)(x) is of the 
form (2'), whore 

s s 

Hence an arbitrary group-matrix (xpQ-i), a special group-matrix (ypq-^), and 
(«i»<?-')) the unit-matrix, are commutative with each other. By a theorem 
of Frobcnius,f the determinant 

\uxj.Q-i + VT/pQ-i + wej,Q-i\ 
is a product of linear homogeneous functions of the variables u, v, w. Hence 

(31) ^{uxe-\- vyE + IV, ux^ + vy^,uxji + vyg, • • •) = H (UiU + VtV +to), 

i—l 

the coefficients of lo being chosen to be unity in vicAV of the term w-^ on the 
left. Setting m = 1, v = 0, we obtain (compare (14) of §7) 

(32) ^(Xe + W, X^i, Xji, . . .) = (Wj -f- w)(M2 + to) . . . (Uj,+ w), 

so that iiy, «2, • • • , «/ depend only upon the variables x^, x^, . . . Simi- 
larly, Vi, Vi, ., Vy depend only upon y^, y^, • • • Since ^(x) is irreducible, 
the function (32) is irreducible, considered as a function of w, i.e., it is not 
expressible as a product of two integral rational functions of w whose coeffi- 
cients are rational functions of x^, x^, . . . . Replacing w hy w + Vj in 
(32), we obtain the irreducible function of w, 

^{Xe + Vi + W, X^, Xb, ■ ■ ■)= (ill + Vi + iv) (M2 + ^'l + w) • • • (My.+ Vi + W). 

It has the factor xiy + Vi -{■ lo in common with <I>(x^; + yE + f^, Xa + Va^ •••)■> 
obtained by setting u = v = \in (31). Hence the two functions are identi- 
cal. Taking 10 = 0, we get 

(33) ^(xe + ys, Xa + ?/a, Xb + Vb, ■ ■ ■) = ^{oCe + Vi, x^, cc^, • • .), 

* Inversely, a matrix (y) with elements in a field F and commutative with every matrix (x) 
in 2^*18 a special matiix (tj), Transactions, I. c, §2. 

■f iJber vertanschbare Matrizen, Berliner Sitzungsberichte, 1896, p. 602, 
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Vi being a function of y/r, 1/4, ■ • • Setting x,; = u, Xj = Xj; = ■ ■ • = 0, we 
get 

(34) ^(t/e + u, y^, yj,, • • •) = (m + v^y. 

Equating the coefficients of u-^~^ and applying the definitions of §7, we get 

(35) ^xiHyjii =/^i- 

An irreducible factor ^ of degree f of the general group-determinant he- 
comes, upon imposing the conditions (30), thefth power of a linear factor 

-. 1,x(Ii)yR of the special group-determinant. 

Since the values of the character "^(li) corresponding to an irreducible 
factor <E>' distinct from $ are not proportional to the values of x(^) correspond- 
ing to <I> (end of §8), the linear function —^ 1,-^{Ii)yji i*^ not a constant times 

the linear function - ^xi-^)!/ it- 
Two distinct irreducible factors of the general group-determinant give rise 
to tico independent linear factors of the special group-determinant' 

10. Let the elements E, A, B, . . . of the group // be separated into 
distinct sets of conjugates and designate the sets as the 1st, 2d, . . . , pth, . . . , 
rth set. Let /tpdcnote the number of elements R in the pth set ; for each of them 
Xi^^) Ji*s the same value Xi>- ~ I" view of (30), there are r distinct variables 
'!/\i !/i> • • 5 }/>•• Then (35) becomes 

r 

(35') 2 Kx!.y? = f^\- 

p = l 
Differentiating (33) with respect to y^ and setting yi ■= • . = y^ = in 
the result, we get 

pthsct d^{Xj;,x^, • • .) _ ^^{xe->^A': . . .) 3^1 _ 1 . d^{xp:,x ,, . . .) 
- dxn ~ dx^ Wp~f ''^'' ^: 

Lot ^ be a fixed element and replace each Xj, hyx^,ji. By (21), 4'(xy.) is 
thereby multiplied by a constant 1/0(^1^1). It follows that 

p'l-sct 8<X>(x/., x^, . ■ ■) _ 1 d<P(x,.:,Xj, . . .) 
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Equating the coefficients of xjf^, and replacing ;)^p by %(-Z?)) we get 

(3(5) "T X(^li2) = l hnx{B)x{A), 

li J 

whore li runs tlirough Jij. elements conjugate with B. Sot li = 8~'^BS, and 
lot S run throuirh the series of li elements of II, so that R becomes identical 
hjlij. times with each element conjugate with B. Ilenco the loft niember of 

(3()) equals \ hj.-2x(AjS-'^ B>S), so that 

(37) /'X(^1)X(^') =fJx{AR-^BB). 

11. Let Z denote the number of distinct irreducible factors ^, <!>', . . . 
of @. Corresponding to $(^^ which occurs to the power e'^' in ©, there 
exists a character x'-''\ foi" which ;y;(^^(^) = /^^', the degree of (f-'^K Since © 
is Qf degree h, 

(38) 2eC^)x^^)(^) = 2eW/^> = 7*. 

By the definition in §7, x""^ (i?) is the coefficient of a-'-^^'-^cCy, in <i>W, iH B ^ B ; 
while the coefEcient of asj^'^' is 1. Hence the coefficient oi'x'jj^Xji in the product 
(C)) is 2eW;^;W(i?). But Xjs; occurs only in the main diagonal of @(x),so 
that the cocfScicnt of ai^'ccy, is zero if B ^ E. Hence 

(39) 2eWxW(i?) =0. (Ri^ B). 

A 

By (38) and (39), we have 

V 1 eW'vWrB- ^B-^BB) -\^ '^^ HB = BB, 
fk^'X (^ ^i ^^'^-|o itBB^BB. 

Now the number of pairs of elements B, B of II for which BB = BB is rh, 
where )■ is the number of sots of conjugates in II. Indeed, if 7? be a definite 
element of the pth set there exist h/h^ elements B commutative with B. If 
72 runs through all h^ elements of the ptli set, there results Ztp • 7^/7^p pairs of 
solutions of BB = BB. This number h being the same for each of the r set«, 
there results hr pairs of solutions in all. Ilenco the sum (in which B, B 
run through the series of all elements of 77) 

(40) S 1,1 e^x'^^H-B-^B-^BR) 

ii,n A /< 
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equals hr. But, by (37) and (29), we have 

Since the first sum equals h for each of the I values of \, the sum (40) equals 
hi. Hence I = r, which proves the following theorem : 

The numher of distinct irreducible factors of the group-determinant 
equals the number r of sets of conjugate elements in the group H. 

CoROLLAKY. The number of distinct linear factors of the special group- 
determinant equals the number r of sets of conjugate elements. 

12. As an example, consider the symmetric group on 3 letters and set 

^5- = identity, A= (132), i? = (123), (7= (12), Z> = (13), F={IZ). 
The gi'oup-matrix (1) then becomes 



(41) 



The commutator group (§6) is an invariant subgroup and contains (7~^ B~^ CB 
— A ; hence it is the cyclic group \E, A, Bt. Hence there arc exactly 0/3 
characters of the first degree. If x l^e one of these two characters, we have 

(42) x(^) = X(^) = X(^)=l- X(C') = %(-0) = x(i^) = ±l. 
Hence the linear factors of the group-determinant @ are 

(4o) aijj + Xjj + x^ + Xq + Xd + Xf, Xj^ + Xjj + x^ — Xq — x^ — x^. 

Since the number of sets of conjugate elements is r =3, there is only one irre- 
ducible factor O of degree f> 1. It will be determined b}^ a general method 
in §15. In the present simple case, it may be determined by inspection as 
follows. Let o) be an imaginary cube root of unity and set 

X = x^ + atXji + w^cc/,, y = Xj; -\- ccPx^ + cox/j, z = Xq + cox^ + ar'Xp, 

2<7 = X(7 + CO-Xj) + COXj?. 

Multiply the second row of by to and the third row by <o- and add the 
results to the first row ; multiply' the fifth row by co" and the sixth row by to 



Xb 


Xa 


Xc 


Xj, 


Xp\ 


Xe 


Xb 


Xo 


Xp 


Xc 


Xa 


Xe 


Xp 


Xc 


a>o 


Xj) 


Xp 


Xp 


Xji 


Xa 


Xp 


Xc 


Xa 


Xp 


Xu 


Xc 


Xjj 


Xji 


Xa 


Xp, 
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and add the results to the fourth row. The new first and fourth rows are 

X cox (o^x z <>?z coz, 
to (ow or' IV y w^y ay. 

In Laplace's development of the new determinant, each term is the product of 
a determinant of order two formed from the above two rows by the comi)lc- 
mentary determinant of order four. Since each of the former has the factor 
xy — zto = 4>, the determinant has the factor <£>. Since x, y, z, w are 
independent functions of x^-, a;^., , . . . , ^ is irreducible. The value of ^ is 

(44) X'e + OC^ + X'jj — ^M^A — ^E^B — ^'A^JS 

— ^C — •*'/) — ""^'f + -^C^D + ^c'^F + XdX]p. 

Hence* <I> must occur in to the power e = 2, so that/"= e = 2. By §7, 
the corresponding character %(^^ has the values 

X<^^(^) = 2, x^-«(xl) = x<«(i?) = -l, 

Equality of the Numbers e and /. 

13. The most difficult part of the whole' theory, as Fi-obenius states, is 
the proof that the degree f of an irreducible factor <I> of the group-detenni- 
nant © equals the exponent e of the power to which $ enters 0. 

For_/"= 1, the exponent <? is 1 by §6. 

ror/= 2, relations (18) and (19) give 

(46) 2* = 8\ -S,= y. [x(xl) xi^) - X(^l^)] ^aXb- 

A, B 

Now <l>3, 4>4, ... do not occur in (12) ; but, if they be defined by (19), 
they are all zero. That <l>3, <I>4, . . . are identically zero, may be verified 
directly. Thus 6<I>3 equals 

Sl-ZSi8.,+ 2Si= («i + u.,f - 3 (wi + K,) {u\ + ui) + 2 {u\ + ^4) = 0. 

In this we substitute the value of S^ given by (18) and determine the 
coefficient of x^Xj^Xq. HA, B, C are distinct there occurs a common factor 

♦ In a note in the American Mathematical ilonthly, March, 1902, I prove these results by 
the most elementary principles of determinants. They also follow by methods of group 
theory (Dedekind, Berliner Sitsnngsberichte, 1897, p. 1007; Dickson, Trans. Amer. Math. Soc, 
vol. 3 (1902), p. 296). 
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(3 ; if two arc equal, the factor 3 ; if all arc c(|ual, the fector 1. Cancelling 
the factor, we get 

X{A) x{B) x(C) - x(A) X{BC)- x{B) xi^C) - x(C) x(AB) 

+ x{ABC) + xUCB) = 0. 

Replacing B by BC~^ and summing over all li elements C of H, we get 

X{A) 2 x{BC-^) x(C) - hx(A) x(B) - S x(BC-') x(AC) 

" - S X{0) X{ABC-^) + hx{AB) + 2 x{AOBO-^) = 0. 

Applj'ing relations (23), (2-8'), and (37), we get 

\ X(^) X{B) - hx{A) x(B) - \ x{AB) - \ x{.AB) + hx{AB) 

+ J. X(A) x{B) = 0. 
Since f= 2, this relation factors into 

If the second factor vanished, wc should obtain, upon multiplying it by 
x^Xjj and summing over all pairs of elements A, B of the gi'oup, the restilt 
Si — 23-2 = 0. Then would 44> = Si, whereas <E> is irreducible.* Hence 

must e= 2 = /. 

For/= 3, wc have by (19), 

Q^^ S\- SSiS^ + 2Ss, 24^4 = S\ - GSiS^ + SS-^Ss 
^ ^ +36'l-6Si = 0. 

For brevity set (i?) for x(B)- The coefficient of x^iXjjXqXj) in 24 ^4 is 
(aside from a factor 24, 12, or 4) : 

(A)(B)(C)(I)) - (B)(C)(AI)) - (A) (C)(BI)) ~ {A)(B)(OI)) 

- (^) (B) (BC) - (B) (B) {AC) - {C){D) {AB) + (.1) {BCD) 

+ {B){ACD) + {C){ABD) + {B){ABO) + {A) {BBC) + {B){ABC) 
+ {C){ADB) + {D){ACB) + {BC){AD) + {AC){BD) + {AB){CD) 

- {ABCD) - {ACBD) - {BACD) - {BCAD) - {CABD) - {CBAD) 
= 0. 

* To give another proof, like tliat used for the case of / = 4, we replace A by AB-'^ and 
sum for B. We obtain S[x(^B-')x(B) — 2x(^)] = x(^)(V« — 2/0. ipon applying (28). 
Put the last expression is not zero. 
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Replacing C by CD~^ and sunuuing over all h elements jD, and applying (23) 
(28'), (37), we get 

^ 1(A) (B)(0) - 2(B) (AC) -2(A) (BO) - (0)(AB) + 3(AB0) 
+ ■d(AOB)] + h [- (.1) (B)(0) + (O) (AB) + (.4) (BO) + B(AO) 

- (ABO) - (AOB)-]^j. \2(A)(B)(0) - (B)(AO) - (A)(BO) 

- 2(0)(AB)'\ = 0. 

Since /'= 3, this relation factors into 

(^ - f^i(A)(B)(0) -2(A)(B0) -2(B)(A0) - (0)(AB) 

+ S(ABO) + S(AOB)] = 0. 

If the second factor vanished identically, Ave should obtain, upon multi- 
plying it by x^XjjXq and summing over all triples A, B, O, the result 
SI -5SiS.i+ GS.i = 0, so that, by (47), 9<E> = Si(Sl - 2 8.^), contrary to 
the irrcducibility of <I>. Hence e = ?, —f. 

For f— 4, we have $ — <I>4, defined by (47). Also 

5 ! ^g = /SI - lOti'i&i + 2OSIS3 + 15 SiS'l - ZOSiSi - 20.S'2>S^3 

+ 24>S^5 = 0. 

For the coeiBcient of x^Xj^XcX^Xp in 5 !<I>5, apart from a common numer- 
ical factor, we have 120 terms of which the first is (A) (B) (O ) (D) (F) , 
while 10 are of the type - (A) (B) (O) (DF) , 20 of the type (A)(B) 
(ODF), 15 of the type (A)(BO)(DF), 30 of the type - (A)(BOI)F), 
20 of the type -(AB)(ODF), and 24 of the type (ABCDF). Each 
term corresponds to a substitution on five letters, its sign being + or — ac- 
cording as the substitution is even or odd. We therefore take all permuta- 
tions of the letters in any type, aside from cyclic interchanges within the 
cycles, Avhicli leave the chai-acter unaltered by (23) . Replacing D by DF—^ 
and summing over all h elements F, and applying (23), (28'), (37), we get 

(48) - U+hV+\ TF=0, 

e J 

U^ (A)(B)(0)(D) - 2(A)(0)(BD) - 2(B)(0)(AD) 

- 2 (A) (B)(OD) + (D) (BAO) + (D) (ABO) - (O) (D) (AB) 

- (^1) (D) (BO) - (B) (D) (AO) + 2{AB)(0D) + 2(A0) (BD) 
+ 2(AD)(B0) + ?,(A)(BOD) + Z(A)(OBD) + 'i(B)(AOD) 
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+ d(B)(CAD) + 'd(C)(ABD) + 3(C) {BAB) - A{ABCD) 

- 4:(ABDC) - i(ACBn) - A(ACBB) - 4{ADBC) - i(ABCB). 

V^ - (A) (B)(C) (B) + (A) (B)(CB) + (A)(C) (BB) + (B)(C) (AB) 
+ (C) (B) (AB) + (A) (B) (BO) + (B) (B) (AO) - (A) (BOB) 

- (A)(CBB) - (B) (AOB) - (B) (ABC) - (O) (ABB) 

- (C) (ABB) - (B) (ABC) - (B) (ACB) - (AB)(CB) 

- (AC) (BB) - (AB) (B'C) + (ABCB) + (ABBC) + (ACBB) 
+ (ACBB) + (ABBC) + (ABCB). 

W^ 3(A) (B)(C) (B) - 2(A) (B)(CB) -2(A) (C) (BB) 

- 2(B) (C) (AB)-3(A) (B) (BC) - 3(B) (B) (AC) - 3(C) (B) (AB) 
+ 2(AB)(CB) + 2(AC) (BB) + 2(AB) (BC) + 3(B) (ABC) 
+ 3(B) (ACB) + (A) (BCB) + (A)(CBB) + (B) (ACB) 
+ (B) ( CAB) + ( C) (ABB) + ( C) (BAB) . 

Sincey = 4, the left member of (48) factors into hje — hji and JJ. But if 
2 Ux^XjiXcXjj = 8i -SiSl8.i + (iSI+ 208^ S^ - 24*^^ .-= 0.* 

A,B,C,D 

Then, <E> being the <J>4 of formulae (47), we would liav^e, upon eliminating 
8i, 

(49) 96 $ = 3,^1 - 15 81 8^ + Cy 8i + 12 8i 83. 

As this expression docs not factor, the proof proceeds differcntl}' from that for 
the cases y^= 2,f= 3. AYe replace C hy CB~^ in Cand simi for all h ele- 
ments B. Then 

^^[(A) (B) (C) - 3(A) (BC) - 3(B) (AC) - (C) (AB) + 6(ABC) 
+ C^(ACB)-\ + h [- 2{A:)(B)(C) + 3(A)(BC) + 3(B)(AC) 

2(C) (AB) - i(ABC) - 4(ylO 
- 4(i?) (AC) - 8(6') (AB)'\ = 0. 

* In terms of the roots ii\. vt, ua, «<, of wliicli H„ is I lie sum of the ntli powers, this equa- 
tion gives — 2i(t + 2 «?M; — 2 m"; UjHi + 4 wi 11 j tijjt, = 0, * = U1U2U3U4. 



+ 2(C) (AB) - 4:(ABa) - 4:(ACB)} + - [i\(A)(B)(C) - i(A) (BC) 
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Reducing, and dropping the common factor h, we get 

(^^> (J.-^)(-^)(^)(C)+(2- ^^l{A){BC)^{B){A(J)-\ 

- \{C) (AB) + Q- 4) l(ABC) + (ACB)} = 0. 
Replacing B by BC~^ in (49) and smmiiing over all h elements 0, Ave get 

If the last factor vanished identically, Ave should find, on replacing A by 
AB-^ and summing OA^er all elements B, that (Jie — ^ — 4 7t) {A) = 0, Avhich 
is impossible. Hence the second factor vanishes, so that e = 1. Then (50) 
becomes 

J {A) {B){C)- {A) {BO) - (B) {A0)-( O) (AB) + 2 (ABC) 

+ 2(ACB) = 0. 

Multiplying by 2x^ XjjX^- and sunnning over all sets A, B, C, we get 

Eliminating aSs from (49), Ave get 192 4) = 3(*S'r- 2^2)% contrary to the 
irreducibility of <P. Hence U ^ 0, so that e = 4 =f. 

By a quite similar process, involving hoAvover general notations, Ave ob- 
tain, for any f, the alteniative e =fov 17 = 0, Avhere ?7is a polynomial in 
S'l, S'i, . ., /6y, linear in Sf, and Av'ith constant coefficients not all zero. Fro- 
benius shoAVS that such a relation (7= is impossible, since it Avould lead to 
an equation of degree fin a certain matrix, Avhereas the equation of loAvest 
degree satisfied by the latter is of degree /+ 1. Instead of this method of 
greater theoretical difficulty, Ave may proceed by the elementary method used 
above for/= 4. 

Calculation of Group-Characters and Group-Determinants. 

14. For e = /, equation (23), the first equation (29), and (37), may 
be Avritten 

^^^^ X(AB) = x(J^^), 2x(i?)x(-«-^) = A, 

hx{A) x(B) = / 2 xIaB-^BB). 
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Frobenius in his first paper, "Ubcr Gruppencharaktere,"and Weber in his 
Algebra, take the relations (51), with the added condition /"> 0, as the defi- 
nition of the general character % of the group 7/ of order h. The third rela- 
tion, for B = E, gives %(e) =/. This /is called the degree of the character 
X- Starting with these definitions, Frobenius shows that/ is always a positive 
integer and that the number of distinct characters is the number r of sets of 
conjugate elements of the group II. From the standpoint of this paper, these 
results have been established in §§7, 11. AVhether viewed as definitional 
equations or as derived relations, equations (51) serve to calculate the r dis- 
tinct characters. We consider some simple examples. 

15. Consider the S3nnmetric group on 3 letters and retain the notations 
of §12. The three sets of conjugate elements are E ; A, B ; C, D, F. By 
the first relation (51), x(-i)=%(^), x{C) = %{!>) = x{P) • By the 
second and third relations (51), we get 

6 =/^ + 2>x-{G) + 2x^(-^)' 6x^(C) = 2/^ + Afx{A), 
&^-{A) = 3/^ + ?>fx{A), (Sx{A) x{0) = G/x(C). 

If X(C) ^ 0, the last relation gives x(^l) =/, so that the others give 

If X(C') = 0, the second relation gives x(^) = — if, so that the others give 
f- = A. Since /> 0, the results for the two cases arc as follows : 



/ 


xiJ^) 


X{A) 


%{G) 


1 


1 


1 


1 


1 


1 


1 


- 1 


2 


2 


- 1 






(These results agree with the results (42) and (45) of §12). The two char- 
acters of degree/ = 1 lead, in view of fornmla (JS), to the t\vo linear factors 
(43). To obtain the irreducible factor ^.> of d('gree/= 2, we proceed as in 
§7. Then 

'S'l = 2 x(^)xn = 2.-BA- - x,i - Xji, 

n 
^2 = 2 x{J^J^i)^n,^ii, = ^{x-,,: + tx^iXji + X-;. + x-i, + .x>) 

- {^XeXa + «« + ^n'-^'c + ■'^F^D + ^c^f) 

— (2a;£;.'Cj5 + ;«"( + Xj.-X(j + XqXjj + Xj)Xy), 
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the three expressions in parentheses corresponding to the terms of the sum for 
which RiR,^ — E, A, B, respectively. Then 2<I>2 = SI — Si leads to the 
result (44). 

16. Consider the dihcdron group //jo generated by a, /3 svibject to 

(52) a^ = E, ^ = E, a^ = ^a-^ (^ = identity) . 

The 4 distinct sets of conjugates arc E ; a, a^ ; a?, a'' ; /3, /3a, ^a?, ^a^, ^a*^. 
The 4 corresponding characters are designated x{^) =/■> X("') = Xi' 
Xi^i^^) = Xi) x{^) = X3- According as E = a' or It = /3o% we have 

aJi-^aJR = U , a^R-^a'^B = |^ , /3R-^^R = |"!/. , uR'^a^R = |^° , 

Hence the second and third relations (51) give 

10 =P + 2x1 + 2x1 + 5x1, lOxi = 5p + 5/x,, 10x1 = 5/^ + 5/xi, 

10x1 = V^ + 4/Xi + 4/X2, lOxiXi = VXi + 5/X2, lOxiXs = 10/X3, 

10X2X3 = 10/X3- 

If X3 '^ 0, the last two relations give Xi = X2 =/and the others then give 

xi=/^ r = i. 

Since/> 0, we derive/= 1, Xi = X2 = 1, X3 = ± 1, 
If xs = 0, the first four relations give 

20 = 2/2 + 4xi^ + 4x1 = 6/2 + 2/xi + 2/x2 = 6/^ -P = ^p, 
whence/ — 2. The seven relations then reduce to the following: 

X'l = X2 + 2, xl = Xi + 2, Xi + X2 + 1 = 0, XiX = Xi + X2. 
which state merely that xi and Xi are the roots of y^ + y — 1 = 0, 

yi = K-i + v/5), y2 = h{-i-p)- 

Hence the four characters are given by the table : 



(53) 



/ 


X(^) 


Xl 


= x(«) 


X2 


= x(--^) 


X3 = X(^) 


1 


1 




1 




1 


1 


1 


1 




1 




1 


- 1 


2 


2 




yi 




2/2 





2 


2 




2/2 




2^1 
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Setting a;o = a;^, Xi = xj (i = 1, 2, 3, 4), x'i = x^^t (i = 0, 1, 2, 3, 4), 
the group-matrix for the dihcdron group //jo may be written in tlie abbreviated 
form 



@ 



where 






j Xq OOj^ Oia X^ OCa \ / Xq OC-^ OC.2 Xg oc^ 

.'>4 .tQ .t/| ^2 .^3 ■ I **^1 "^^i *^3 •^4 '*'0 

-*:V = I Xg X^ Xq Xj Xg I) -tV =■ "^2 *^ '^i "^0 '^l 

/>* 'V 'V ■>* 'V ■ I />*' "V' "V' 'V*' "V' 

•^2 '^'S *^4 '^'O *^1 f I •^3 "^i '*'0 '^'1 *^2 

y Xi Xo Xo XjL Xn^ \'^4 "^O "^l *^2 *^S / 

In view of (53), there arc exactly two linear factors of 0, viz., 

(54) (xo + Xi + X2 + X3 + X4) ± (xi + x{ + Xa' + x^ + x^') . 

The two irreducible factors of the second degree, $2 and 4>2, may be cal- 
culated by means of the results of §7. Let ^^ correspond to the character for 
which %(«) = 2/1, x{°^) = y-i- Then <I>2 is derived from <I>2 by interchanging 
yiandy2. By (19) and (18), 

2 <E>2 = Si - S„ 

R 

= 2(.T^ + 2x4X1 + 2 X3X2 + xo^ + x{' + xf + x/"^ + xf) 
+ 7/1 (2 XoXi + 2 X4X2 + x| + x,;xi' + xjx^ + x.ix^ + x^xi + x{x^) 
+ iji (2 X0X4 + 2 X3X1 + x^ + xlxi + x'lX'o + x^xi + x^x^ + x^'x^) 
+ 2/2 (2 XoXj + 2 X4X3 + xl + xlxl + Xi'xs + x-ix^' + x^x^ + x^'xj') 
+ 1/2 (2 X0X3 + 2 X1X3 + XI + xl)Xi + x{x{ + x.^xi + x^x/ + x^x^). 

The five expressions in parentheses correspond to the terms of the sum 
for which 7?ii?2 = -^j «» °*5 '^^^ «*> respectively. The final result is 

<I)2 = X5 + Xi + xl + xl + xl- x'a - x{' ~ x'^ - xJ/ - x'^ + ?/i(xoX, + XqX^ 

+ XiX2 + X2X3 + X3X4) 

— y \y'-'0'''^i "I" •'^i-'^i 4" x^X'j -\- X3XJ + XjX,i) — y'lyXuX-i + XiX3 -\- x.^x^ + x^Xq 
+ x[x[) + y^iXaX-i + x^x-i + X1X3 + X1X4 + X2X4). 
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As a first chock, we note that the coefficient of 'xfjj^Xii= XqXj^ is xi-^)r 
as required by §7. As a second check, we verify the results of §9. For the 
special group-matrix, Xi = Xi, x^ = Xg, x'(,=- x{ = x'^= x'^ = x^, so that 

^•i = 4 + 2a^ + 2a.-| — 5^^ + yi(2xo:Ci + 2x,.r2 + ail) — hy^x^ — hy^^x'^ 
+ ^2(2x0X2 + 2x1X2 + A) = (xo + y^xi + yix^y = (J2x(i?)x^)2 = i;f, 

upon applying the relations 7/12/2 = — 1» yi + .'72 = — !> ^^^ formula (35) for 
/= 2. Hence (34) is verified for the case u = f) ; and, for the general case, 
by replacing y^ by y ,; + u. 

17. A table of characters for each of the groups : Tetrahedron H^i, 
Octahedron IL_i, Icosahedron iJoo, symmetric group i7i2o on 5 letters, unary 
modular group of order i p(p^ — 1), are given by Frobenius, Tiber Gruppen- 
charaktere, I. c, pp. 1011-1021. Frobenius has also determined the charac- 
ters of the symmetric and alternating groups on n letters, giving explicit tables 
for the case n = 8 (Berliner Sitzimgsberichte, 1900, pp. 51G-534 ; 1901, pp. 
303-315). For any symmetric group, all the A'aluos of every character are 
integral rational numbers. 

The University of Chicago, 
March 1902. 



